Closed and nowhere dense subsets which coincide with the points of discontinuity of real-valued functions with a closed graph on spaces which are not necessarily perfectly normal are investigated. Certain G subsets of completely regular and normal spaces are characterized. It is also shown that there exists a countable connected Urysohn space X with the property that no closed and nowhere dense subset of X coincides with the points of discontinuity of a real-valued function on X with a closed graph.
the usual topology. All spaces will be assumed to be T 2. Let f be a function from X into Y and denote the graph of f by G(f) {(x,f(x)) X x Ylx X}.
The graph of f is closed if G(f) is a closed subset of X x Y. Let D(f) {x x[f is discontinuous at x}. It was shown by Thompson [I] that if X is a Balre space and if a function f:X + R has G(f) closed, then D(f) is a closed and nowhere dense subset of X.
It was proven by Dobbs [2] that, if X is perfectly normal, F C X is closed and of first category in X if and only if there exists a function f:X + R such that G(f) is closed and D(f) -F. Let X be a topologlcal space which is not necessarily perfectly normal. In this note we will investigate those closed and nowhere dense subsets of X which coincide with the points of discontinuity of a real-valued function with a closed graph on X. We will consider this problem when X is either a normal, a completely regular, a regular or a Urysohn space. I. BAGGS 2. PRELIMINARIES. In what follows we will make use of the following known results THEOREM 2.1. Let X be a topological space. If f:X / R has a closed graph, then D(f) is closed and of the first category in X (Dobbs [2] ). THEOREM 2. 2. Let f:X Y be a function with a closed graph. If K is a -I compact subset of Y, then f (K) is a closed subset of X (Hamlett and Herrington [3] ). PROPOSITION 2. 3. If h:X + Y is a continuous function and if g:Y + Z is a function with a closed graph, then f g h has a closed graph (Thompson [ ]). PROPOSITION 2.4 . Let X be a completely regular topological space. If F is a compact G subset of X, then there exists a continuous function f:X R such that F-{x Xlf(x) O (Gillman and Jerlson [4] , page 43).
If V is a closed subset of X, throughout and V c will be used to denote the closure of V and the complement of V, respectively. [a,b] will be used to denote a closed interval in R.
3. X IS NORMAL. We will characterize closed and nowhere dense G 5 subsets of a normal space X in terms of the points of discontinuity of a real-valued function with a closed graph. We will first establish the following lemma. In Example 4.1 it will be shown that 'normal' cannot be replaced by 'completely regular' in Theorem 3.2. First we will establish two lemmas which will be used in this example. [7] . An outline of Thomas' example follows. See [7] for further details and a geometric interpretation. Let (X,) be the space of Example 5.1. In the following example a topology ' D will be constructed on X such that (X,') is regular but not completely regular. For the space (X,') there will exist an x X such that {x} is G but there will not exist a function f G(X) such that D(f) to be an open set containing a. Let ' be the topology on X generated by and by the new nelghbourhood base of a. Clearly ' D and every open set V in ' containing a contains T(2nl,k) t) p(2n -l,k) for countably many n and k. Also V contains all but countably many elements of t] L(2n). It follows from the construction that (X,T') is regular. (X,T') is not completely regular since it can be shown as in [7] , that if f:
{a} is G. There does not exist a function g: (X,T') + R with G(E) closed such that D(g)
{a}. For let g:(X,z') + R be any function with a closed graph which is continuous on X-{a}. It can be shown as by Thomas [7] that g(x) c, a constant, for all but countably many elements of X {a}. Since a is a cluster point of (X,') but not of any sequence in (X,'), it follows that any net x a in X which converges to a in r' has the property that g(x) / c. Since the graph of g is closed it follows that g(a) -c and g is continuous at a. Therefore Theorem 4.3 does not hold when X is regular.
6. X IS A URYSOHN SPACE. In this section it will be shown that there exists a countable Urysohn space X (Example 6.3) with the property that if F is any non-empty, closed and nowhere dense subset of X, there does not exist a function f:X R such that G(f) is closed and D(f) F (Proposition 6.6). The space X will be essentially the countable connected Urysohn space constructed by Roy [8] .
I. BAGGS
The following proposition will be useful later: Y be the topology generated on X by the neighbourhood system defined above for all > O. (X,T) is essentially the space constructed by P. Roy [8] . (X,) is a countable connected Urysohn space.
Let F be a closed and nowhere dense subset of X. It wlll be established in Proposition 6.6 that if there exists a function f:X / R such that D(f) F, then F #. Note that since F is nowhere dense in X, F (3 C2n is a nowhere dense subset of I N C2n for each integer n and every interval I C R. Also, for each n, C2n_l is closed and nowhere dense in X. In what follows Vc(f(x)) denotes an open neighbourhood of f(x) of radius s in R. C2n and I C2n_2 for each integer n, we may assume without loss of generality that 12n_l has been chosen for each n such that f is continuous at each point of (12n_l C2n)t) (12n_l N C2n_2). Let x 12n_l C2n_l and let IXnln 1,2,...) be a sequence in X which converges to x. We may assume without loss of generality that {x In 1 2,... is eventually in either 12n_l C2n_l or 12n_l N C2n or 12n_l C2n_2. If {x In 1,2,...) is eventually in 12n_l C2n_l then it follows from the way n 12n_l was selected that f(x n) / f(x). Suppose {XnJn 1,2,...} is eventually in 12n_l N C2n. Let > O. Since f is continuous on 12n_l C2n, for each y 12n_l C2n there exists a > 0 such that f(N(y)) C V (f(y)). Select some y e 12n_l C2n such that for all sufficiently small nelghbourhoods N(x) of x, N(x) C2nC N(y). {Xnln-1,2,...) will eventually be in N(y). Since f(N(y)) C VE(f(y)), it follows that {f(Xn) In-1,2,...) is eventually in V (f(y)) and we may assume that f(Xn) In 1 2,...) converges. Since I. BAGGS f is constant on X-F, it follows that f is constant on X and hence continuous on X. We may assume therefore that f is not constant on X -F. Let y X -F and let > 0 such that f() V(fy)). Since f is continuous at y there exists a > 0 and a neighbourhood N6(y) of y such that f(N(y)) C V(f(y)). We may assume without loss of generality that N6(y C (I N C2n_l) U (I N C2n t) (I C2n_2 for some interval I C R and some integer n. It now follows from repeated applications of Proposition 6.5 and the definition of open sets in (X,T) that for each m > 2n, there exists an interval Im C I such that f(l m Cm) C V (f(y)). For each m > 2n, select Ym (Ira Cm)"
Then Ym and f(ym V(f(y)), for m 2n + I, 2n + 2,... Since f() V (f(y)) this would contradict the fact that the graph of f is closed.
The proposition follows.
In contrast to the results of Dobbs [2] and Thompson [I] for perfectly normal spaces, it now follows that if X satisfies only the Urysohn separation axiom it is possible that there may exist a function f:X R with a closed graph such that D(f) F if and only if F is a closed subset of X with a non-empty interior.
That this is true for the space given in Example 6.3 follows immediately from Proposition 6.6 and Corollary 6.2. REMARK 6.7: Proposition 6.6 does not hold for all countable connected Urysohn spaces although it does hold for the countable connected spaces constructed by Kannan [9] and Martin [I0] . It is possible to redefine the topology on the space in 
